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Abstract 

We study compactification of extra dimensions in a theory of Dirac-Born-Infeld (DBI) 
type gravity. We investigate the solution for Minkowski spacetime with an extra 
space. The solution is derived by the effective potential method in the presence of 
the magnetic flux on the extra sphere. We find that, in a certain model, the radius of 
the extra space has a minimum value independent of the higher-dimensional Newton 
constant in weak- field limit. 

1 Introduction 

Recently, models including the higher derivative terms are widely studied as a modified version of Einstein 
gravity. Moreover, various works are reported about compactification with an extra space in the higher 
derivative gravity (for example [1]). 

The Dirac-Born-Infeld (DBI) type gravity has been considered by Deser and Gibbons [2] and stud- 
ied by many authors. It is expected that the nonlinear nature of the model may remove the possible 
singularity of spacetime. 

In our recent work, we considered a model of Wcyl invariant Dirac-Born-Infeld (DBI) type gravity. 
This model contains the Weyl gauge field. It is natural to put the gauge field into DBI type gravity, since 
originally DBI theory aimed at relaxing the singularity of the electric field. 

In the DBI elcctromagnctism, the Lagrangian is 



-\/-det (77^, +/?F^,). (1) 
In the four-dimensional spacetime they are satisfied that — det(77;j^ + PF^i,) = 1 — p'^{E^ — B^) —/?'*(£'■ B)^, 

V ■ £> = V ■ , ^ (2) 

y^l-/3^E^ 

In the case of the point charge, the electric field is i? cx . The energy density is also finite. 

2 Spacetime metric and flux 

We first consider the theory with the massless gauge field in six dimensions (thus in the fiat spacetime, it 
seems to be the DBI clectromagnetism), and compactification of the extra dimensions. The Lagrangian 
of our model is the following: 



£ = - dct(/2.gM7V - a^RMN + mm) + (1 - >^)fV^, (3) 
where / is a mass scale, ai, /? and A are dimensionless parameters. M, N range over 0, 1, 2, 3, 5 and 6. 
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Note that one can rewrite the Lagrangian as in the form 

^-dctMMN + {l-X)f 



c 



= -^^dct M^^N + (1 - X)f 



-9, 



where it is satisfied that 



N. (4) 

Now we assume that the spacetime is described by a direct product of four-dimensional spacetime and 
an extra space, i.e., the line element is written by 



ds^ = gl^Jdxf'dx'' + g';lidx"'dx'', 



(5) 



where = 0,1,2,3 while m,n = 5,6. We will omit the index within the parentheses which indicates 
the dimension, as long as confusion would not occur. 

We suppose that the four-dimcnsional spacetime is a maximally symmetric space. The Ricci tensor 
of the spacetime is expressed as 

R^u = (6) 



where R'^^^ is the scalar curvature of the four-dimensional spacetime. For the Minkowski spacetime, i?*-^-* 
equals to zero. We adopt S'^ as the extra space. Then we find 

1 

where i?^^^ and h are the scalar curvature and the radius of the two-sphere, respectively. 

We suppose that the constant magnetic flux penetrates the extra sphere, just as in the model of 
Ranjbar-Daemi, Salam and Strathdce (RSS) [■>]. Namely we set 



(7) 



F — Bxfa^F 



(8) 



where g^'^^ = det gmn- The totally antisymmetric symbol e„i„ takes the value 1 for (m,n) = (5,6). The 
strength of flux is rewritten as B = B/b^ where B is a constant determined from a topological number. 
Substituting above ansatze into the Lagrangian, we get the reduced Lagrangian as 



\ 



{p 



4 



J 1,2) +p Iji 



(l-A)f 



In this model, the effective Newton constant G in four dimensional spacetime can be read from the 
expansion of the Lagrangian in the small curvature limit. 



const. 



1 



167rG 



Thus we find (167rG) ^ for the constant radius 69 as 



1 



(9) 



(10) 



16^G ' V 2 7 V " bo^' ' ^0^ 

3 Four dimensional flat spacetime and compact ificat ion 

We seek the solution for the four-dimensional flat spacetime. According to Wctterich [1], we use the 
method of the effective potential for a static solution, instead of solving the equation of motion derived 
from the Lagrangian directly. We now define a potential 



Viy) 




(1-A) 



(11) 
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where y ~ f^b^- Then the equation of motion and the stabihty condition are equivalent to 



dV_ 
dy 



v=ya 



Viyo) = 0, 



dy"^ 



> 



v=y<> 



(12) 



for the solution y ~ y^. To make the equations simuhaneously satisfied, we must tunc the value of A to 
be specific value Aq. 

Wc consider further scaling of the variable and parameters become convenient. This yields a scaled 
potential 

1 



V{y) ^ U{Y) ^ y ^ \/ (1 - + _L _ (1 _ A) , 



(13) 



where Y ~ y/\j3B\ and Ai ~ ail\f3B\. In Figure 1, we show the U-Y graph of potentials in the DBIE 
model and the RSS model. 




the DBIE model 




the RSS model 

Figure 1: Effective potentials in the DBIE model and the RSS model. 



Finally we find the solution for 



dU 
dY 



Y=Yo 



U{Yo) = and 



d^U 



dY^ 



> 



Y=Yo 



(14) 



is given by 



Yo = Ai 



1-Ao 



(15) 



for Ai > 0. It is interesting to see the minimal value of the radius of 5^ is ^-1^^^ which is independent 
of the value of ai. 
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The inverse of the Newton constant is then given by 

1 



= 27r/^|/3B|Vl + Ai^ (16) 



IQttG 

The squared ratio of the compactification scale and the four-dimensional Planck length is 



^ 327r^|;9^|^/ ^ ^ > 32^'|/?^|^-^. (17) 



Comparing with the result of the RSS model 

^ = 327r^|/3Bpi-, (18) 

we find that, in our DBI gravity model, the compactification scale cannot be extremely smaller than the 
Planck length, provided that \(iB\ ^ 1. 



4 Summary and outlook 

The compactification in the DBI gravity with flux in the extra space has been investigated. The parameter 
region which allows the compactification has been revealed. We have shown that the small couplings 
attached to the curvature realize similar compactification to that of the RSS model. 

An interesting dependence of the radius of the extra space on the parameter ai was found in our 
model. This will be of more importance if we consider the parameter as a dynamical variable, or we 
generalize our model to include the term such as c/i^RMN, where (/) is a scalar degree of freedom. 

The analysis on stability against perturbation of higher modes, which deforms the spherical shape of 
the extra space, is important, even though the analysis on those modes will be complicated because of 
the higher-derivative terms in our model. This issue is left for future works. 

Spontaneous compactification to a football-shaped internal space in the presence of a brane is also 
worth studying in the framework of the DBI type gravity models, because the higher curvature terms 
affect the geometrical aspects of conical or nearly conical points on the compact space. 

The cosmological evolution of scale factors in our model is an important subject. Since the effective 
potential has a finite value at 6 = in our DBI type model, the initial state of the universe may located 
at 6 = 0. The simple condition is suitable for quantum cosmology, although the derivative terms in our 
model make the canonical approach very complicated. (The quantum cosmology of the RSS model was 
studied by Halliwell [4].) 
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